Abstract. We consider the Unknown Input Observer and focus on three examples found in the literature.
. UIO Structure where
wherex ∈ R n is the state estimate, z ∈ R n is the state of the full-order dynamic observer, and F, T, K, H are matrices to be designed for achieving unknown input decoupling. A block diagram of the UIO is shown in Figure 1 . From the block diagram, one can see that the UIO is essentially a dynamic system that decouples the state estimation dynamics from the disturbance term in the original system. By expandingė(t) one obtains: 
+ [T − (I − HC)]Bu(t) + (HC − I)Ed(t)
and it is easy to see that in order to make the estimation error a function of F e(t): e(t) = F e(t) (2.3) the equations: 0 = (HC − I)E (2.4) T = I − HC (2.5)
must hold. If all the eigenvalues in F are stable, then e(t) will approach zero asymptotically. Note that Eq 2.3 is not a function of E or d. Therefore, the estimation error approaches zero independently of the disturbance terms, achieving the desired decoupling of the state estimate from the unknown disturbance inputs.
Theorem 2.2. The necessary and sufficient conditions for the system in Eq 2.2 to be an UIO for the system defined in 1.1 are:
(1) rank(CE) = rank(E) (2) (C, A 1 ) is a detectable pair, where
Proof. Please see [1] According to [4] , the disturbance estimate can now be obtained, if needed, by the relation:
Next we provide a step by step design procedure for the UIO that will be utilized in the examples that ensue.
2.1. Design Procedure for UIOs. We will now describe a procedure that can lead to effective UIO design. It can be shown that Eqn 2.4 is solvable if and only if the condition rank(CE) = rank(E) is met [1] . Therefore, the rank condition rank(CE) = rank(E) must first be checked. If this condition is not met, then a UIO does not exist. If the condition is met, then we may compute the following observer matrices:
Next, the observability of the pair (C, A 1 ) must be checked. As shown in Eq 2.3, an important step in designing a UIO is to stabilize F = A 1 −K 1 C. If the pair (C, A 1 ) is detectable, then this can be achieved by using pole placement to choose the appropriate gain matrix K 1 . It can be shown that the observability of the pair (C, A 1 ) is equivalent to the observability of the pair (C, A) [3] . Therefore, if the pair (C, A 1 ) is observable or at least detectable then the gain, K 1 , in Eq 2.6 can be obtained for the UIO. Hence, if (C, A 1 ) is observable then a UIO exists and K 1 should be computed using pole placement.
On the other hand, if the pair (C, A 1 ) is not observable, then one must construct a transformation matrix, P , for the observable canonical decomposition of the system:
where n 1 is the rank of the observability pair (C, A 1 ), and (C * , A 11 ) is observable. If any of the eigenvalues of A 22 are unstable, then a UIO does not exist. If the eigenvalues of A 22 are stable, then (C, A 1 ) is detectable and we may select n 1 desirable eigenvalues and assign them to A 11 − K 1 p C * using pole placement to obtain K 1 p . Next compute
where K 2 p can be any (n − n1) × m matrix, because it does not affect the eigenvalues of F . Finally, compute the observer matrices:
In order to clarify the design procedure we consider some numerical examples next.
Numerical Examples
3.1. Third order system with no inputs. The first example considered is taken from page 76 of [1] . There, the following parameter matrices are used:
First we check that rank(CE) = rank(E) = 1:
The rank is equal to 1 as needed. The observer matrices are computed next:
Next, the observability of the pair (A 1 , C) must be checked. If it is full rank (rank(obsv(A 1 , C)) = 3), then we may apply pole placement:
Now we proceed to apply pole placement in order to place the observer poles at [−2, −10, −5].
6.7231 -3.7816 7.5581 -11.3458 -3.0543 8.2769
Finally, the observer F and K matrices are computed: Let us examine the Simulation results with a disturbance occurring at t = 10 seconds. This is showin in Figure 4 . The initial conditions of the dynamic system as: x1_0 = 100; x2_0 = -100; x3_0 = 1;
In Figure 4 , one is able to see the state trajectories in the solid lines. The dotted 'x' represent the estimate from the UIO. For the given disturbance and the chosen observer pole locations, the observer seems to converge (remove all estimation error) within five seconds. Figures 2 and 3 show the block diagram in detail. Note that we have chosen not to estimate the disturbance itself. All the files for this simulation can be found in the 
where m b , represents the car body and the mass, m w , represents the wheel assembly. The spring ,k s , and damper, b s , represent the passive spring and shock absorber placed between the car body and the wheel assembly. The spring, k t , models the compressibility of the pneumatic tire. The variables x b , x w and r are the car body travel, the wheel travel, and the road disturbance, respectively. The force, f s , which is applied between the body and the wheel assembly, is controlled by feedback. We assume that the disturbance force may enter at any of the state variables, not just the road disturbance. In MATLAB, we assign the following values to the parameters:
%----System Physical Constants----% mb = 300; % kg mw = 60; % kg bs = 1000; % N/m/s ks = 16000 ; % N/m kt = 190000; % N/m Therefore, the system matrices become: Now we can obtain an optimal gain for control of the suspension system by using LQR below. We will not dwell too much on this part of the design work since our main focus is the UIO design. Since the observability matrix has full rank, we can go on and simulate the system to obtain the dynamic estimator performance. The initial conditions are set to be: 
% --------System Matrices(It is a SIMO system)---------%

%---------LQR design----------
X_0
3.3.
Coupled Mass-Spring System. Consider the coupled spring mass system shown in Figure 10 . The coupled mass spring system is a well studied mechanical system in control theory. The input to this system is the sinusoidal motion of the end of the rightmost spring, and the output is the position of each mass, q 1 and q 2 . The disturbance input is also shown in the figure as e. In state space form, the equations of motion are:
In MATLAB, we assign the following values to the parameters:
to obtain the following state space formulation: In order to control the placement of the masses in the system, we utilized LQR. The following MATLAB code accomplishes this objective: Now we are ready to begin the UIO design. The first step is to check that rank(CE) = rank(E):
ans = ans = 1 1 Next we are ready to compute the first set of observer matrices: %----------Step 2: Compute observer matrices---------% H = E*inv((C*E)'*(C*E))*(C*E)' T = eye (4) Now that A 1 has been obtained, we must check the observability of the pair (C, A 1 ):
Since the pair (C, A 1 ) is full rank, it is observable. Therefore, we can use pole placement for the observer gain K 1 : The simulation results are considered next. The top level Simulink block diagram is shown in Figure 11 . The mass spring system dynamics are implemented as shown in Figure 12 . The UIO implementation is shown in Figure 13 . The state estimation error is shown in Figure 14 . The following initial conditions were used for the simulation. Figure 14 . The state estimation error for the mass spring system using the UIO.
Conclusion
This memo begins by motivating the UIO paradigm for state estimation. A main advantage of this approach is to decouple the plant disturbance inputs from the state estimation process. The UIO design procedure was reviewed and illustrated with three common examples found in control theory. The estimation error for the coupled mass spring system, the car suspension system and the linear system with no inputs was considered. In each example, it was shown that this error asymptotically approaches zero by utilization of a UIO.
